Charged oscillator in a heat bath in the presence of a magnetic field &i third law of 

thermodynamics. 
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The quantum thermodynamic behaviour of a charged oscillator in the presence of a magnetic 
field and coupled to a heat bath through different coupling schemes is obtained analytically. It is 
shown that finite dissipation substitutes the zero-coupling result of exponential decay of entropy by 
a power law behaviour at low temperature. For the coordinate-coordinates coupling scheme the low 
temperature explicit results for the case of Ohmic, exponentially correlated and more generalized 
heat bath models are derived. In all the above mentioned cases free energy and entropy vanish 
linearly with temperature (T) as T ^ in conformity with Nernst's theorem. It is seen that 
coordinate (velocity)-velocities (coordinates) coupling is much more beneficial than the coordinate- 
coordinates coupling to ensure third law of thermodynamics. The case of radiation heat bath shows 
T^ decay behaviour for entropy as T — » 0. It is observed that at low temperature free energy 
and entropy decay faster for the velocity-velocities scheme than any other coupling schemes. This 
implies velocity-velocities coupling scheme is the most advantageous coupling scheme in restoring 
the third law of thermodynamics. It is shown that the low temperature thermodynamic functions 
are independent of magnetic field for all the above mentioned cases except the without dissipation 
case. 

PACS numbers: 05.70.Ce, 05.30.-d, 05.40.Ca 



I. INTRODUCTION 



The third law of therniodynamics is an axiom of na- 
ture regarding entropy and the impossibility of reaching 
absolute zero of temperature. The third law was devel- 
oped by Walthcr Ncrnst and is thus sometimes referred 
to as Nernst's theorem or Nernst's postulate [ll, Q- The 
third law of thermodynamics states that the entropy of 
a system at zero temperature is a well defined constant. 
This is because a system at zero temperature exists in its 
ground state, so that its entropy is determined only by 
the degeneracy of the ground state. The constant value 
of the entropy at absolute zero temperature is given by 
S = khlng (g=:dcgcncracy) . In the thermodynamic limit 

(N -^ cx)) the typical value of entropy 5*0 = ^ ^ ' goes 
to zero as long as the degeneracy does not grow with N 
faster than exponentially [3|. Thus it is impossible by 
any procedure, no matter however idealised, to reduce 
any system to the absolute zero of temperature in a 
finite number of operations. 

A detail discussion on the history of the third law and 
the controversies can be found in the books by Dugdale 
U and by Wilks Q. According to Max Planck the 
entropy per particle approaches a constant value 5*0 at 
absolute zero temperature and it can generally be set 
equal to zero [6|. Third law implies that thermodynami- 
cal quantities such as free energy, entropy, specific heat, 
isobar thermal coefficients etc. approach zero as T — > 0. 
In this paper I investigate low temperature thermody- 
namic properties for open quantum system which is 
coupled to a heat bath by different coupling schemes. 
The recent development in the subject of quantum 
thermodynamics [3, M, M ^^"^ widespread interest on 



the low temperature physics of small quantum sys- 
tems has raised up the question : Does the third law 
of thermodynamics hold at quantum regime? How 
quantum dissipation can play an important role in 
thermodynamic theory? Recently P. Hanggi and G. L. 
Ingold have shown that finite dissipation actually helps 
to ensure the third law of thermodynamics [lO[ . Further 
investigations has been made by W. C. Yang and B. J. 
Dong on the influence of various coupling forms |lll | . In 
this work I investigate the effect of different coupling 
schemes and different non-Markovian heat bath on the 
low temperature thermodynamical functions of a chrged 
dissipative oscillator in the presence of an external 
magnetic field. 

With this preceding background I organize the rest of 
the paper as follows. In the next section I introduce the 
model system and different coupling schemes. In Sec. 
Ill, I discuss coordinate-coordinates coupling scheme. In 
this connection the without dissipation case is analyzed. 
In addition analytical explicit results of low temperature 
thermodynamical quantities for Ohmic, exponentially 
correlated, and arbitrary heat bath are derived. Co- 
ordinate (velocity)- velocities (coordinates) scheme is 
examined in details in Sec. IV. In this connection the 
radiation heat bath case is examined in details. Section 
V is for velocity-velocities coupling scheme. Finally I 
conclude this paper in Sec. VI. 

II. MODEL SYSTEM 



The starting point of this section is the general- 
ized Caldeira-Legget system-plus-reservoir Hamiltonian 
model for a charged particle 'e' in a magnetic field B in 



the operator form [I3, ll3| : 



H = 



(p - eA/( 
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+ 9ir,P,qj,Pj) ,(1) 
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where {f,p} and {cij,Pj} arc the sets of co-ordinate 
and momentum operators of system and bath oscillators. 
They follow the following commutation relations 



[fa,Pl3] = ihSap, [qia,Pjp] = itlSijSafl, 



(2) 



where a, f3 denote components of the above mentioned 
operators along x, y directions. Equation (1) includes 
four types of bilinear couplings between the system and 
the environmental degrees of freedom. For the usual 
coordinate-coordinates coupling [ia | 
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for the system coordinate and environmental velocities 
coupling [l3l | 
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or for the system velocity and environmental coordinates 

PQj d^^^q^ 



coupling 
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and finally for system velocity and environmental veloc- 
ities coupling [l5| 
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(6) 



The additional terms appearing in the coupling are in or- 
der to compensate coupling induced potential and mass 
renormalization. 

Eliminating the bath degrees of freedom by the Heisen- 
berg equations of motion one can obtain the generalized 
quantum Langevin equation (GQLE) |16l . Il7| 

mf + / dt'-fjt - t')f(t') ~ -fx B + vv(f) = e(t)m 

J-00 c 

where dot denotes differentiation with respect to time t 
and fi = 1,2,3,4 is the variable for four different cou- 
pling schemes. The effect of the magnetic field is solely 
represented by the quantum version of the Lorentz force 
(third term in Eq. (7)). The memory kernel ^^{t) and 
the operator valued random force 9{t) are unaffected by 
the magnetic field. In this work I consider the confining 
potential to be harmonic for which an exact analysis is 



possible. It is now possible to represent nonequal time 
anticommutator and commutator of 9{t) as follows: 

{{e^{t),ep{t')}) = sj^ p dcoj^{u)coth(^^) 

X coa[uj{t - t')], (8) 

I3h 



{[0^{t),0p{t')]) - 5^p 



dujJf,{uj)suiLu{t~t'p) 



where /? — -^-^ is the inverse temperature. The memory 
kernel is given by 



7m (0 



TTJTT ./g LO 



duj- 



cos(wt). 



(10) 



In equations (8)-(10) J^(a;) denotes the spectral density 
function of the heat bath oscillators for different types of 
coupling schemes and is given as follows : 



^ c? 



Jl{uj) = Jc~c{uj) = TtV" —^ S{U! ~U!.j) 



3 = 1 



3'^3 



dl 



J2(tj) = Jc~v{l^) = TT^ -—^iOj5{ljJ ~ OJj) 



3 = 1 



Jsiuj) = Jv-ci^) = TT^ —^UJj6{u! - UJj) 



N 



Ji{uj) = J^-ci^) =T:^-^—ujp{uj - ujj) 
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(11) 
(12) 

(13) 
(14) 



I am interested in investigating low temperature thermo- 
dynamic behaviour of the model system described above. 
One can easily determine the free energy for this model 
system by using the remarkable formula [l^, [3 

F{T,B)^- [ dujf{uj,T)Q\--\n( dot a{u} + i0+))h5) 
n Jq iduj \ / i 

where f{u!,T) is the free energy of a single oscillator of 
frequency cu and is given by 



f{u;,T)^kBT log l-exp( 



fku , 



(16) 



where I have ignored the zero-point contribution as I am 
interested in finite but low teperature effect. Here a{uj) 
denotes the generalized susceptibility of the model sys- 
tem. Now I can rewrite Eq. (15) as follows |18l.ll9|: 



F{T, B) = F(T, 0) + AF(T, B), 



(17) 



where 



F{T,Q)^- diofiuj.T)^ —\na'-"^uj) (18) 

n Jq Iduj i 

is the free energy of the oscillator in the absence of the 
magnetic field and the correction due to the magnetic 



field is given by 



-<-^-)-^r-/(".-Mi'4'-(^)i} 



This kind of coupling can be realized experimentally in 
the case of a RLC circuit driven by a Gaussian white 
noise. 



(19) 

where a(°'(a;) is the scalar susceptibility in the absence 
of a magnetic field. The function f{uj,T) vanishes expo- 
nentially for w >> ^^ and hence all the integrand in 
Eq. (18) and in Eq. (19) are confined to low frequencies. 
Thus one can easily obtain an explicit results by expand- 
ing the factor multiplying /(w, T) in powers of uj. 
The scalar susceptibility for a harmonic oscillator in the 
absence of a magnetic field is given by [1^, [l^ 



a(")(c.) 
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(20) 



where 



7(6.)= / dt'^{t')e-'' . 



(21) 





Now I can calculate /i = 3 

£Mi-(^«°(^)^' 

as follows 
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and I2 



The expressions are given 



and 
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[m2(w2-w2)2+^2^2(^)] ■ 



77i7(a;)((jjQ -I- (jj2) + raLo^' {u)){ujq — uP' + (jJoJc) 

[to2(Wq — up- — i^UJc)^ + uj^j'^{u})] 



(22) 



, (23) 



where Wc = ■^— is the cyclotron frequency. I have now 
all the essential ingredients to calculate thermodynamic 
functions. My main task is to find free energy F using 
Eqs. (17), (18) and (19) at low temperature. Then one 
can easily derive other thermodynamic functions at low 
temperature. Entropy is defined as 



dF 
df' 



(24) 



In the next section I discuss usual coordinate-coordinates 
coupling scheme. In this connection I analyze without 
dissipation case. In addition I examine the decay 
behaviour of entropy with temperature for Ohmic, ex- 
ponentially correlated, and arbitrary heat bath models. 

III. COORDINATE-COORDINATES COUPLING 
SCHEME 

First, let me consider the usual case of the system's 
coordinate coupled to the coordinates of the heat bath. 



A. Without Dissipation 

The limit of without dissipation can easily be obtained 
by taking j{lo) = 0. Thus 



a(°)(a;) 



1 



m{uj'^ — u)q) ' 



(25) 



and 



i-(^)'M°)(.)]^ 



(0.2 - u;2)2 _ ^^^^y 



(C.2-C.g)2 



(26) 



where cvc = ^^ is the cyclotron frequency. For this case 



[-^liia^°\Lu)} = tt[s{uj-ljo) + S{lu+luo)\, (27) 



/i=3 



where I have used the identity 



1 
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- m5{uj - LUj). (28) 



(29) 



UJ ^ ujj + iO+ 
Thus 

F{T,0)=3f{LOo,T) 
Similarly one can show that 

AF(T, B) = /(cc-i, T) + /(CU2, T) - 2/(cuo, T), (30) 

where tJi,2 = ±^ + [c^n + i^f]^ ■ Hence 

FiT,B) ^ fiuJo^T) + f{uji,T) + fiu;2,T). (31) 

At low temperature free energy becomes 

F{T,B)^-kBT(e^^ +er^ +e^^). (32) 



Thus it can be concluded that S(T) vanishes exponen- 
tially when T — > for my model system without the 
dissipativc heat bath. 



B. Ohmic heat bath 

For pure Ohmic heat bath one can take jij-o) = m"f, 
where 7 is friction constant. Thus the response function 
in the absence of magnetic field becomes 



a^ '{uj) — m{ujQ — UJ ) — irnuj^ 



(33) 



Thus 



h 



Similarly 






7(^' + ^g) 

2,, ,2 



-2 



7(^'+^g) 
(tj2 — ^JJ'^Y + 72^2 



"^°^ + ^-2^ = 0. 
^0 ^0 '^o 

Hence free energy of the system at low temperature can 
be written as 



F{T) = 



SksTj 



duj In 



1 — exp ( 






(34) 



The following integral is rclcvent for my calculation 
throughout this paper: 



dyy" log(l - e-y) = -Tiiy + 1)C(^ + 2), (35) 



where F is gamma function and C is Riemann's zeta func- 
tion. Using this integral one can show 



kr,T\^ 
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Hence entropy is given by 



S{T) = TThj "^^ 



{hwQ 



2 ■ 



(36) 



(37) 



As T ^ 0, S{T) vanishes linearly with T which perfectly 
matches with third law of thermodynamics. It shows the 
usual Ohmic friction behaviour of linear decay. 
Now if I consider that the environmental oscillators have 
a power spectrum with a narrow Lorentzian peak cen- 
tred at a finite frequency not at zero. Thus the Fourier 
transform of the memory function is 



7(w) = 



m'^Vl'^ 



F2u;2 + (fi2_^2)2' 



(38) 



where 7 denotes the Markovian friction strength of the 
system, F and Vi are the dainping and frequency param- 
eters of the harmonic noise [20[ • 
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where A = [F^w^ -I- (f] 
and D = (cj^ 

-h 
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m?ClA^ + 4777272^78^2 
m?-fn'^DA - m^-in'^ujA'C 
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where Ci ~ [uP' — Wq -I- uujc) and C2 = [lP — Wq — ujuj^. 
Thus free energy of my model system for the heat bath 
with Lorentzian peak power spectrum is given by 



F{T) = -2^7 



ftciJo 



(39) 



Hence the decay behaviour of entropy is again the same 
asofEq. (37). 



C. Exponentially correlated heat bath 

In this subsection I consider exponentially correlated 
heat bath whose memory friction is given by 



7(0 



7777 _w 
e ^c . 



The Fourier transform of memory friction gives us 

~l N "^7 
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(41) 



1 + Cj2t2 ■ 

Now the required expressions for I\ and I2 are as follows 

77727(1 + u?tI)D - 2m'^uj'^jT^C 
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Thus free energy of this model system with exponentially 
correlated heat bath is given by 



F(T) = --^77 



kBT 

hujn 



(42) 



Hence the decay behaviour of entropy with temperature 
is again linear which is same as that of Ohmic friction 
results. 



D. Arbitrary heat bath 

The heat bath is characterized by the memory friction 
function "f{z). According to Ford et al Q it should be 
positive and must be analytic in the upper half plane and 
must satisfy the reality condition 



7(-w + iO+) :=7(cj + iO+). 



(43) 



Now according to Ford et al [3| this must be in the neigh- 
bourhood of origin as follows : 



7(01) 2± mb^ '^{—iuY , 



(44) 



where — 1 < ^ < 1, and 6 is a positive constant with 
dimensions of frequency. Thus the scalar susceptibility 
of the model system in the absence of the magnetic field 
is given by 



aW(c..) 



1 



m{ul - a;2) + mh^-" [-1^)^+" ' 



(45) 



Thus 
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Z LUq 
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i^^o „ ,, , , vn , b^ '^ ,, 
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= 0. 

Hence free energy of the model system with such arbi- 
trary heat bath is given by 



F{T) = -'iT{v + 2)av + 2) cos ( — j — ^ 



VTT\ hb^ /kBT\'2+^ 



hb 



Finally entropy of the system is 



(46) 



s,r,.3r,..3K,...,cos(^)^(M)- 

(47) 
Since {ly + 1) is always positive and hence S{T) ^ as 



IV. COORDINATE (VELOCITY) - VELOCITIES 
(COORDINATES) COUPLING 

In this section I consider the typical case of the first 
kind where coordinate (velocity) of the system coupled to 
the velocities (coordinates) of the heat bath. The physi- 
cal situations for such scheme can be found for a vortex 



transport in the presence of magnetic field 21[ and par- 
ticle interacting via dipolar coupling ^^. The friction 
memory function for this kind of coupling scheme is given 
by 

7(t) :=m7rcxpf-— -Ucos(tJit)-- — sin(tJit)j. (48) 

where ujf = fP~^, ^ is the Markovian friction strength, 
r and H are the damping and frequency parameters of the 
harmonic noise. The Fourier transform of the memory 
friction function is given by 



7(w) 



2m7r2a; 



2, ,2 



r2tj2 + (f72 _ ^2)2 • 



(49) 



The expressions of /i and I2 for this particular scheme 
are given by 
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and 
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Thus free energy of the system becomes 
27r27r3. wkHT\ 



F{T) 



Entropy is given by 



bfl^i 






87r2^ 2/fc„Tx3 






(50) 



(51) 



Thus the decay behaviour of the entropy is much faster 
than that of the coordinate-coordinates coupling. This 
is due to the much stronger dependence of the memory 
friction kernel on the frequency and hence it changes 
the thermodynamic behaviour of the system a lot at low 
temperature. 



A. Radiation Heat Bath 

111 this case the Fourier transform of the associated 
nicmory friction function is given by [23| 



7(^) 



3c3(w + il7')' 



(52) 



where e is the charge of the radiation field, c is the ve- 
locity of light, n' is the large cut-off frequency. Thus 
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Thus the free energy for the model system with radiation 
heat bath is given by 



nT) = --ru.tr.y-j-j 



J'^Y. 



(53) 



The decay behaviour of the entropy is given by the fol- 
lowing expression : 



/S(T) = ——kBl^oTei -T 

5 V nhjQ 



(54) 



Comparing equation (51) with equation (54) one can 
concludes that the decay behaviour of entropy with 
temperature for the radiation heat bath is same as that 
of the coordinate (velocity)- velocities (coordinates) 
coupling scheme. This decay behaviour is faster than the 
coordinate-coordinates coupling scheme decay behaviour 
of the entropy with temperature. 



Fourier transform of the memory friction function is given 

by 



7(w) 



im"fLU 



r2tj2 + (fi2 _ ^2)2 



(55) 



The expressions for /i and I2 for this particular scheme 
are as follows 



h 



and 



W2f]4 ■ 



2m''-fU}''DA + Sm^'-fLu'^ACi - 2m^juj^A'Ci 
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m2(C2^)2+4m272cjio 
2m^-fuj*DA + 8m^-fuj*AC - 2m^-fuj^A'C 



rn^C^A^ + 4m'^-/'^UJ 
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Thus the free energy of the charged oscillator in the mag- 
netic field for velocity-velocities coupling heat bath is 
given by 



F(T) 



1447r5 
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189 \n J 'V hcjo 
The decay behaviour of entropy with temperature follows 



864^/c^o\3, fkBT\5 



(57) 



Again as T — > 0, entropy ^(r) — > in conformity 
with Nernst's theorem. But the decaying behaviour 
of S{T) is even faster than the coordinate(velocity)- 
velocities(coordinates) couphng scheme. So velocity- 
velocities coupling scheme is the most beneficial for the 
validification of third law of thermodynamics. 



VI. SUMMARY & CONCLUSIONS 



V. VELOCITY- VELOCITIES COUPLING 

In this section I consider the second atypical case of 
dissipation where the system's velocity is coupled to the 
velocities of the heat bath. This velocity-velocities cou- 
pling scheme practically exists in electromagnetic prob- 
lems such as superconducting quantum interference de- 
vices [j, [i3| or in electromagnetic field [23|. The spec- 
trum of the friction memory function is completely differ- 
ent from that of coordinate-coordinates coupling and ve- 
locity (coordinate)-coordinates (velocities) scheme. The 



In this work I analyze the low temperature thermo- 
dynamic behaviour of a charged harmonic oscillator in 
the presence of an external magnetic field and is coupled 
with a heat bath through different coupling schemes. The 
free energy of the charged quantum harmonic oscillator 
in an arbitrary heat bath is given by a "remarkable" for- 
mula of Ford et al [l8|, [13 which involves only a single 
integral. One can exactly calculate this integral at low 
temperature limit and hence the low tempearature ther- 
modynamic properties are derived. Mainly the decay be- 
haviour of entropy with temperature is studied for the 



charged oscillator system. 

The presence of finite quantum dissipation changes the 
well known Einstein like behaviour of exponential decay 
of entropy into a power law behaviour. The case of an 
usual Ohmic heat bath, the case of an Ohmic heat bath 
with Lorentzian peak power spectrum, exponentially cor- 
related heat bath and more generalized heat bath with 
coordinate - coordinates coupling arc discussed in de- 
tails. In all the cases entropy vanishes at zero temper- 
ature in conformity with third law of thermodynamics. 
Ohmic heat bath and exponentially correlated heat bath 
shows the linear decay of entropy with temperature at 
very low temperature which is in accordance with the 
usual case of Ohmic friction. The decay behaviour of the 
low temperature thermodynamical functions for anoma- 
lous coupling cases arc examined in details. In the first 
atypical case i.e. coordinate (velocity)- velocities (coordi- 
nates) case the entropy decays much faster (T^) than the 
usual coordinate-coordinates coupling form when tem- 
perature approaches zero. In the case of radiation heat 
bath it is shown explicitly that entropy follows T^ vari- 
ation at low temperature. In the second anomalous case 



i.e. the velocity-velocities coupling entropy decays faster 
(T^) than any other coupling schemes as temperature 
approches zero. It is the most benifitial coupling scheme 
in the sense of validification of third law. Also one can 
note that low temperature thermodynamic functions are 
independent of B in all the coupling schemes. 
The results obtained for the low-temperature behaviour 
of thermodynamic functions of a charged oscillator in the 
presence of the magnetic field are not only of theoretical 
interest but it can be found to be relevent for experiments 
in nanosciences where one wants to examine the validity 
of quantum thermodynamics of small systems which are 
coupled to heat bath [24J . 
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